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UNIVERSITY OF NORTH BENGAL

B.Sc. Programme 3rd Semester Examination, 2023

DSC1/2/3-P3-MATHEMATICS
ALGEBRA
(REVISED SYLLABUS 2023)
Time Allotted: 2 Hours

The figures in the margin indicate full marks.

GROUP-A / Jeto-5/ HHE-d

1. Answer any four questions:
@-CFI b1FfT e Tes mies
Pl TIRECT THDT SR <

(a) Show that 0 is an eigenvalue of a matrix 4 if and only if 4 is singular.

ANAFI @O, A ITCS RN M+ 20 At =R (F<emng 7t 4 1T 7 2
Hfea™T 4 ®T 0 T3l eigenvalue TTHH 4 singularg:'c'sfﬂ:ﬁHHTUTﬂ'\’l

(b) Find the values of (1+1)"/3.
(1+1)3 -3 Mefe e 1
(1+1)"? Praes g |

-4 3
(c) If 4 :( 9 6)’ then using Cayley-Hamilton theorem, show that 42° =2". 4.

—4
FNfeT-Z7IREG Toieiwy R FE@ @AS @ 42 =21 . 4, @A A:( g Z) |

-4 3
A :( 9 6) 97, Cayley-Hamilton & IUUTeI TIRT TR THOT R : 420 =219 . 4,

(d) Prove that the composition of two mappings is associative.
2{lel 9 (3 73[6 SC2ERCRA A% 7AW AL 23|
ggdCl map 89! composition associative g8 Yl AR |

(e) Prove that 9 divides 3-4"*' -3 for all positive integers n.

2ol T @ 3- 4" - 3 ARG 71T 4T PR 193 & 9 7Rl [orey
e GATCHE JUIRARRT 1 BT T 9 o 34"+ — 3 18 9T 785 A THI0T R |

Full Marks: 60

3x4 =12

(f) Give an example of a binary relation which is reflexive and symmetric but not 3

transitive.
GF(B (7S T4 TriZgel 78 AR reflexive @R symmetric % transitive 7

Reflexive 31T symmetric EﬁER’ transitive Hﬁﬁ T3l f6@ (binary) T-egdl ISERU TS |
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(a) (1) Apply Descarte’s rule of sign to determine the nature of the roots of the equation

(c) Let a and b be two integers and m be a positive integer. Prove that if a =b (mod m)

(d)

3103

Answer any four questions:
R BIA15 23 Ted mies
Pl TTRECT THDT ITR < -

x*+16x%2 +7x-10=0.

(TR0 breed @ R e e Alwcen Aerefem el i wms

GROUP-B / &em-4/ we-a

X +16x2+7x-10=0

Descarte T frggnd! 7R GRTFHBRT x* +16x% + 7x —10 = 0 P JeTg0d! FPHT (Ui R |

(ii) Solve the equation x> —

3 —3x2 —6x +8 =0 FNFAH TN T2 T T Aorfet TN eofers AF|

3x%2 —6x+8=0 if the roots are in A.P.

6x4 =24

THIRUT x° —3x% — 6x+8 = 0 P HeTe%w BV TIfT (AP) HT X&eh! © He Hefews (HUfd TR |
(b) (i) Solve by Cardan’s method: x> —18x-35=0.

x> —18x—35=0 A<D TN F1

Cardan T IERGRTIIYIM R : x> —18x—-35=0

(i1) State the Fundamental t

heorem of classical algebra.

&R Arereifices (e T Kige w1
Fundamental Theorem of Classical Algebra 3ceRg TR |

then a" =b" (mod m) for any positive integer n. Is the converse of this statement

true? Justify your answer.

@ g GR b 736 APRY! @R m 2 G 48R R 2N FH M g =h (mod m) =
OIH @@ IS R 7 @F W ¢" =b" (mod m) TR 377 Refre (Kol &

o) ¢ Y 7P Teq wie |

a A b JURGEATERS S m 2Te G JURIAT & | @ =b (mod m) 9V ETcHD JUiRTEAT
n @ AT IHUITR: " = 5" (mod m) | A1 HUTD! IecT Hel 70 Blel | IRAR TR |

Determine the conditions for which the following system of equations has

(18 *rS et ey 7 iR wy foesa A8l sTpeed

(1) unique solution,

@ {5 fRfwe g AFE

(i) no solution and

(IR A AT A 9K

(ii1)) many solutions.
SR NI AP |
x+4y+2z=

1

2x+Ty+5z=2b

4x+9y+10z

=2b+1

THIPRUTIE x+4y+2z=1

2x+7y+5z

=2b

4x+9y+10z=2b+1 1

P QTR TTHT
(i) UpHH THEM §76
(ii) FETEE g

(i) Tp¥<T S FHHT &D |

3+3
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(e) (1) Prove that Ni+—i=~2.
AP Vi +/—i =2 |
THIUITR : Vi ++/—i =2

(i1) Define a partial order relation and give an example of it.

SRR F T RS IR G TriRgel Wie |
37Tk ohH F¥Y (partial order relation) BT RIS AT} SRRV TS5 |

(f) (1) Ifa, b, c are positive real numbers, not all equal, then prove that
AW a, b, ¢ [0 (HISRF I A 2T AR AL AN (L, ORCE 2ol F7
a, b, ¢ TR g9 IRdfdd TRETEH U YHI0 TR

(a+b+c)(bc+ca+ ab)>9abc

(i1) State the Cauchy-Schwartz inequality.
‘Cauchy-Schwartz’ SPial=elfb Rge 3411
Cauchy-Schwartz inequality Seeig TR |

GROUP-C / f&pol-of / gt

3. Answer any two questions: 12x2 =24

@I 76 eirax Teq mies
Pl §SICT UHBT STR & :

(a) (1) Find the eigenvalues and eigenvectors of the matrix:

feraterare e wigese wiv g3 wiEeH cegaef qifza w4

31 -1
2 2 -1
2 2 0
31 -1
qfea 2 2 —1 |®leigen AFE® 31 eigen AGEH MU TR |
2.2 0

(ii) If u +iv = tan(x +iy) , then show that u? +v? + 2ucot2x =1.
AWM 1y +iv = tan(x +iy) 2, O A8 @ u? +v2 +2ucot2x =1.
u+iv = tan(x +iy) MY, VAT R : w2 +v% + 2ucot2x =1.
(b) (i) Find the rank of the matrix:

el miftala wia e <=
1 210
A=|2 4 8 6
36 6 3
1 210
A=|2 4 8 6 |®Irank FURTR|
36 6 3

(i) Let f:4— B and g: B — C be two mapping. If gof is bijective then prove
that f is injective and g is surjective.

3103 3 Turn Over
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@ f:A—>B @R g:B—>C YI% SoMFF| &N 79 @ W go £ AEFS T
OIRG f ZNEFS FE G g ANS(ES |
f:A—)Bﬁg:B—)ngaETmapg?ﬁg:[laﬁgof bijective HU f injective
AT g surjective ?f‘@ﬂ:ﬁW‘T\’ |

(ii1) Give an example of a surjective mapping which is not injective.

G5 ANCHFS S Twizgel WIS TR TG TS A2 |
Surjective ?ﬁ d¥injective Hgff T3eT map Pl ITER0T <5 |

(¢c) (i) Prove by induction that 64 divides 9" —8n—1 for all non-negative integers 7.

SRS Awte IR FE &N F 9" —8n — 1 AT ACHF Sy R 1-97 G
64 2R [eiey |

4 R FPRIHD (non-negative) JURHREIT 1 DT T 64 & 9" —8n — 1 TS HIT TE5 AT
JHIUTIR |

(1i1) Find the ged (360,125) and express it in the form 360s +125¢, where s and ¢ are

Integers.

9.37.@. (360,125) 6 F9 @R TAE 3605 + 125 TFIER T T2, @A 5 @R ¢
2 716 PR

ged (360, 125) @ AF FvRT TR | s 1f ¢ quieiearess Ao R @t ged (360, 125)
= 360s+125¢ §O |

, (1234567} (1234567}
(d) (i) Let a= and =

3103

31 25 7 46 253 7 6 41

be two elements of S, . Examine whether £ and a~! are even permutations.

1 23 456 7 1 23 456 7
@ oo = aR f=
31257 46 2 53 7 6 4 1

S; - 7BH A | B @R o' w20 I Rt bt A 90
1 23 456 7

31 25 7 46
ﬁ_1234567
25376 41

j o

j‘lﬂf L3 a‘lx_rﬁ@,{’rpennutationg?gﬁsg%rﬁoﬁrWI

(i1)) Find the inverse of the following matrix using elementary row operations.

e Afd fmm e @ 47! Jfa =9, @i,

01 2
A=|1 2 3
3 1 1
0 1 2
eI TSfeh FoaTe-d TERdT A=| 1 2 3 |@T inverse FUfgR|
31 1
X
4

4+4

4+4
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UNIVERSITY OF NORTH BENGAL

B.Sc. Programme 3rd Semester Examination, 2023

DSC1/2/3-P3-MATHEMATICS
REAL ANALYSIS

(OLD SYLLABUS 2018)
Time Allotted: 2 Hours Full Marks: 60

The figures in the margin indicate full marks.

GROUP-A / &o-% / w53

1. Answer any four questions: 3x4=12
@I 5115 &lred Tes nies
P TR T SR S |
(a) Prove that lim 2n =1. 3
n—>0

AN I lim4n =11

n—0

lim 4/n = 1576 T 70T R |

n—»0

(b) Find limsup and liminf of {%} 3

_1\n
{%} -F90d limsup @R liminf (&7 F41

{%} ¥ limsup ¥ liminf Fmer)

(c) Show that every convergent sequence is bounded. Give an example to show that 3
converse of the above result is not always true.

mle (@ Ao TSN TN AT | G0 Trizas FEE (T8 @ AT T SfSHA
N8 O ANF|

T 3HBI~ae IIepH I (bounded) & HT FHIUT TR | IR TRURIDT IecT W A
o T T3 SR oW TR |

(d) Test the convergence of the series 1'122 + 5 '132 + 3 .142 RRRTIEE 3
ftes e@ifa sfenidel Rl v
1 1

TN R WA

1 1 1 A <
BB —5 +——5 + =g +++++++ DI PGP AT R |
1.2% 2.3 3.4 >
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(e) Prove that a finite set is always closed. 3
2I37iel 5 ( GG FAS (6 FN I |
TSt AT de T closed §78 W1 S0 TR |

(f) Show that the set S:{—l—%: neN} U {—%: n €N} is not a closed set. 3
A @ Sz{—l—%: neN} U {—%: neN} GO I 131

@I‘C’S:{—l—%: neN} U {—%: n e N} T3eT closed HE BIg 9+l JHI0T TR |

GROUP-B / Rem-4 / we-a

2. Answer any four questions: 6x4 =24
R BIA15 23 Ted mies
Pl TR TP SR O
1
(3) (i) Find the set of all limit points of the set S = { T %1 m, ne N} . 4+2

1
S:{%+%: m, HGN} (6104 3T limit point ST (7 T4

1
@ES:{%+%: m, neN}aﬁﬂélimitﬁWo e MU TR |
(i1) Show that the set {x: 1< x <2} is an open set.
A8 @ {x: 1< x <2} GG G open set.
JT {x: 1< x <2} TS open HE & ¥ AR |

00
(b) (i) Use comparison test to prove that the series Ze‘”z 1s convergent. 4+2

n=1

Comparison test IR R (S T Ze‘”z A e

n=1
0TI Ze‘"z B © W comparison YRTET GRT JHTUT R |
n=1

sin

00
(i) Investigate the convergence or divergence of the series Z Za , where a > 0.

n=1

S SING g  Rifbe sfeuRel 4l el i < |
n=l

o0 . .
SofiehT Z%, a > 0@ 315 T divergence A R |
n=1 N

(c) Prove that the sequence {u,} defined by u; =~/7 and u,,,; =/7+u, for all n>1 6

converges to the positive root of the equations x> —x—-7=0.
o T @ {u,} TG x% —x—7 =0 ISR L AcS SASH, @A w4y = /7

AR u, . =~7+u,, nx1.

3103 6
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u =T u,  =T+u, ¥ n>1 o gR¥MNT TP {u,, | FHPRU x2 —x—7=0 P
T STHeb5et T8 il THIT R |

(d) Show that every bonded infinite subset of R has at least one limit point in R. 6
(ANS (T R-9F TSI SN @ I GGG FAYCF @ limit point R-d R
R &1 Fd bonded 3 SUIC DT HH A P R AT TS limit =g & 71 HIOTTR |

(e) State and prove Leibnitz’s test for alternating series. 6
Alternating 19 &= Leibnitz’s test RYFe2 @wld 771
depfeues SulighHen AT Leibnitz BT GRI&T0T Seeid 3T+ THT0T TR |

(f) State and prove nested interval theorem. 6
4o nested interval theorem &ie 311
RS ol JUUTET Jeoidd S JHIU R |

GROUP-C / Retl-at / wqg-T
3. Answer any two questions: 12x2 =24
Q-1 76 elose Tea wies
P g3 UHPI IR IS |

(a) (1) Prove that arbitrary intersection of closed sets is closed. Examine whether infinite 6+4+2
union of closed sets is closed or not.

2l B9 (@ Tm @6 I IR (JX I (P16 2| GRITIS SPRY I (16 A IR
TR T (6 2 [l 2/ 401

Closed HegwHd! T8 Hftowar closed & T THI0T R | Closed Aegwmd! RIS de
closedSTElTEﬁ?ﬁ\_rﬁ%rﬂ'\’l

(i1) Suppose E be a closed and F be a compact subsets of R. Prove that ENF is
compact.

9@, E @R F, R G063 B0 @A E T closed @R F 25 compact (10 | &d 3 (3,
ENF compact (15|

3T R BT E T3eT closed I F T3CT compact SUIC & | E N F compact & =T JHT0T
N

(ii1) Give an example of an infinite set in R which is neither an open set nor a closed
set.

R-43 G35 S (15-93 Sz wis @6 & @68 (open set) T Ia (16€ 7|
R T 90T T3eT IRATAIT Ach! SSTERUT 33 Sl AT open T closed AT &N
(b) (1) State and prove Bolzano-Weierstrass Theorem. 6+3+3
o2 Bolzano-Weierstrass Theorem 231 9|
Bolzano-Weierstrass SUUTET Seeikg 37+ FHTT R |

.. . 3n
i1) Show that lim x, =3, where x, = ———.
(i1) n—sw " n+5Vn
. 3n
@AE @, lim x, =3, @A x, = :
n—>00 " n+5Jn
3n .
X, = BIYHUITR lim x, = 3.
" n+5Vn now
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(iii) Test the convergence of the series X x,, where x, = \/ n* +1 —\/ nt-1.
Y x, R Sfeidel A6E 74, @A x, =t +1-n* -1
SUfehT 3 x, T8l X, =n* +1-n* -1 P APREEA AR |

(c) (i) Prove that a Cauchy sequence of real numbers is convergent.
2o 3 (F @0 AT T Cauchy T SSHR 271
qRT eI HeATEme! Cauchy 3P DI & Wil FHIUITR |

1
(i) Prove that {ﬁ} is a Cauchy sequence.
1
R P9 (3, {ﬁ} @6 Cauchy |
1
{ﬁ}mCauchy 3P B AT TN R |

(i11)) Show that the series Z(—l)””% is convergent.

n=1

@A @ Z(—l)”“% AT wfea
n=1

Pz i(—l)”“% P frad © W= JHIT R |
n=1

(d) (i) For a positive integer m, show that the two series u; +u, +uz+--- and
U, +U,,,+-- converge or diverge together.
@@ GO @GF ARG m A @S @ B W g fuy +uz oo GR
Uppoq + Uy sy + - GBI STOHI 7 B
U3CT & cqﬁtlcpﬁiﬁmaﬁa‘ gg?‘lETQUﬂ?ﬁqupLuz g+ Rl + Uy +0- TP
AT converge 3T2@T diverge e 9T THIUN TR |

(i1) Prove that the series z is divergent.

n
n+l1

e @ Y - @@ weE

n+l1

Sofieh ZL divergent & ¥ AU TR |
n+1

2 .3
(i11)) Examine the convergence of the series x+—2 +—); +--, x>0.
R4 o7 SIS 219w F542
2 .3
x°,x
—_ - cee >
X+ 5 + 3 + , x>0

2 3
Bl x+%+%+~-- , x> 0P ABHET P AT R |
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